Wiener's tauberian theorem for spherical functions on the automorphism group of the unit disk.
Introduction
If G is a locally compact abelian group, Wiener's tanberian theorem asserts that if the Fourier transforms of the elements of a closed ideal I of the convolution algebra LI(G) have no common zero, then I=LI(G). In the non-abelian case, the analog of Wiener's theorem for two-sided ideals holds for all connected nilpotent Lie groups, and all semi-direct products of abelian groups [27] . However, Wiener's theorem does not hold for any non-compact connected semisimple Lie group [15] , [27] .
In their seminal series of papers on harmonic analysis on the Lie group SU(I, i), Ehrenpreis and Mautner use the ideal structure on the disk algebra A(D) to show that the analog of Wiener's theorem fails even for the commutative subalgebra LI(G//K) of spherical functions ( [15] , see also [5] ). They realized that in addition to the non-vanishing of the Fourier transforms, a condition on the rate of decay of the Fourier transforms at infinity is needed as well. For technical reasons, it (I) The second author's work was partially supported by the fund for the promotion of research at the Technion--Israel Institute of Technology. The third author's work was partially supported by the Swedish Natural Science Research Council, and by the 1992 Wallenberg Prize from the Swedish Mathematical Society.
was necessary for them to impose various smoothness conditions on the Fourier transforms, in addition to the natural conditions of non-vanishing of the Fourier transforms and the "correct" rate of decay, in their analog of Wiener's theorem ( [14] , see also [5] ).
It is known that smoothness conditions make Wiener's theorem much easier.
See, exempli gratia, [23] , for a trivial proof that if feLl(R), and its Fourier transform ] is slightly more regular than a general function in the Fourier image of L I(R) (its first and second derivatives should also belong to the Fourier image of LI(R)) and never vanishes, then the closure of the convolution ideal generated by f is all of L 1 (R). The main result of the present paper is a genuine analog of Wiener's theorem without any superfluous smoothness condition. We use the method of the resolvent transform, as developed by Gelfand, Beurling, and Carleman [11] . Gelfand's approach was later rediscovered by Domar [13] , and applied and extended by Hedenmalm and Borichev in the study of harmonic analysis on the real line, the half-line, and the first quadrant in the plane [20] , [21] , [9] , [10] .
As applications of the "correct" version of Wiener's theorem, we follow the ideas of [5] , and give a generalization of a theorem of Furstenberg [16] , [17] characterizing bounded harmonic functions in the unit disk as the bounded solutions of certain convolution equations (in other words, #-harmonic functions), and a "two circles" Morera type theorem characterizing holomorphic functions in the unit disk.
The results of this article were announced in [4] .
Preliminaries
The basic references for this section are [22] , [25] , [30] , [5] , [31] , [14] , [3] .
Let G=SL (2, R) , where SL(2, R) is the multiplicative group of all 2 • 2 real matrices with determinant 1. We identify G with SU (1, 1) , the group of all complex The left and right invariant Haar measure on G is normalized so that dg= sinh2~dr
where d~ is the Lebesgue measure on the positive real axis R+, and d~ and d0 both equal the Haar measure on the rotation subgroup K, which we identify with the unit circle.
The symmetric space G/K (which may be identified with G/K) is identified with the Poincard model of the hyperbolic plane n 2, that is, with the unit disk. It carries the quotient measure sinh 2~ d~ d~ on G/K and the Riemannian structure
where u and v are any tangent vectors at z E D. This structure enables us to define the Riemannian metric and measure on G/K, and the Laplace-Beltrami operator A = (1-x2-y2)2 (0-~2 + ff--~2 ) 9
The space K\(G/K) is denoted by G//K. It functions on G which are invariant under rotations from left and right. This is a commutative Banach algebra, and our main goal is Theorem 1.3, which gives a version of Wiener's tauberian theorem for this algebra.
To give a precise formulation of our result we first need some notations: Let E be the strip E--{sEC:0_<Res<I}. 
ft(s) = fa ~(g, s) dp(g).
The functions p(., s) are defined for all sEC and are called the zonal spherical functions. They may be thought of as the normalized rotation invariant (that is, left K-invariant) eigenfunctions of the Laplace-Beltrami operator on G/K~D.
The following two lemmas summarize the basic properties of the zonal spherical functions and of the Fourier transform, and we present them without proofs: 
x-*0 + Since f is a bounded analytic function on the interior of E, which is conformally equivalent to the unit disk, it has a canonical factorization into an inKer and an outer factor (unless of course f vanishes everywhere). The inner factor (regarded as a function on the disk) is the product of a Blaschke product and a singular inner function, and the quantities 5~(f) and 5o(f) measure the atomic part of the positive Borel measure associated with the singular inner function at the points on the unit circle corresponding to 89 +ioc and 0, respectively; since f(s)=f(1-s), this 1 also applies to the reflected points ~ -ioz and 1. Remark. Part (1) was conjectured in [5] . The 1 there instead of ~r in the definition of 5oo here was due to an oversight in the calculation.
The usual proof of Wiener's theorem for L 1 (G) (with G a locally compact abelian group) uses localization. In our case the Fourier transforms are analytic functions, hence the Fourier image of LI(G//K) does not contain functions with compact support, and another approach is needed. We shall use the resolvent transform method. Here is a sketch of this method as it applies to our setup.
Let L~(G//K) be the unitization of LI(G//K); the unit is identified with 5, the Dirac point mass at the unit e of the group G. We shall prove in Section 4 that for each ~E C\E there exists b:
and that the set {b~ :AEC\E} spans a dense subspace of For a function g in L~ the dual Banach space to L~(G//K), we associate its resolvent transform
Fix a point ~EC\E. If we play around with (1-4), we get, for AEC\E, 
only if ~=s or ~=l-s, it follows that if ~eC\Z~(I(~)) then ~-/~(~)-q,~ does not vanish on Z~(I(| Hence 5-t)~()O-lb~+I(| is invertible in the quotient
as an element of LI(G//K)/I(| (here, the * is used to symbolize that the product and inversion are taken in convolution sense, though modulo the ideal). Taking Fourier transforms, and comparing with (1-6), we see that
In To implement this sketch, and show that 9~[g] is indeed analytic at ec and has simple poles at the By'S, the method also requires estimates. To this end we shall need an explicit expression for the function ~R[g](A). We achieve this by finding
the interior of E. In Section 5, we will show that for every fELI(G//K) and )~eE ~ there exists T),fELI(G//K) such that
Note the identity
valid for fELI(G//K). Suppose fEI(| apply the inverse Fourier transform to the above identity, and rood out I(6), to get (/~r (;~) 6-be +1(6)), (T~f +1(6)) = f()~)/~r (;~)(be +I (6)).
Together with (1-7), this shows that for feI(| and .keE~
In Section 5 it will be shown that T;~f is explicitly given by
where PA_ 1 (z) and Q~_I (z) are the Legendre functions of the first and second kind respectively, and ~-=cosh(2()E [1, +oc[. The explicit formulas (1-10) and (1-11) will be used to derive the necessary estimates for !Rig].
We now indicate the organization of the article. In Section 2, we gather facts on Legendre functions, and in Section 3, we use these facts to find b~ELI(G//K) such that (1-4) holds, and we prove that they span a dense subspace of L ~ (G//K).
In Section 4, we find a concrete formula for the function T),fEL I(G//K) appearing in (1-9), and we estimate its norm. In Section 5, we supply results from the theory of holomorphic functions, which are applied in Section 6 to the resolvent transform iR[g] (A). We thus obtain the announced Wiener-type completeness theorem, both for
LI(G//K) and L~(G//K).
In Section 7 we follow [5] , and use the completeness theorem to prove a generalization of Furstenberg's characterization of harmonic functions on the unit disk, and Agranovski~'s characterization of holomorphic functions on the unit disk.
We shall use the letter C to denote a positive constant (it may depend on quantities that are kept fixed), which may vary even within the same inequality.
Some facts on Legendre functions
In this section we list some facts on Legendre functions needed in the sequel. The standard references are [26] , [28] , [29] , [18] . 
=2~-lflt~-l(1-t)~-l(l+x-2t)-~dt,
Rex > 1, a0 for Re A>0, which immediately yields (2) (3) (4) (5) [Qx-l(X)] <_Qaex-l(x), xE]l,+cc[, for Re A>0. We need precise estimates of the function Qx(x), for x near I and +co. To this end, we produce the following lemma. 
Proof.
This follows directly from (2-1) by using the estimate
The proof is complete.
We also need an estimate near the point 1.
Lemma 2.3. The estimate
holds for 0< Re A<I. After the change of variables t=l-s and x=l+2y, this becomes 
Q~_I(I+2y)-=-~ s~-l(1-s)~-l(s+y)-~ds,

QA_l(X)PA(x)-P)~_l(x)QA(x)=-X, x E C\]-oo, 1],
for those complex A, for which the left hand side is well-defined. We shall need the following formulee concerning integration from 1 to x:
PA_l(t)Ps_l(t)dt=(s(1-s)-/~(1-A))-l((1-A)P~_l(X)P~_2(x) -(1 -s)P~_~ (x)P,-2 (x) + (A-s)xP~_~ (x)P,-i (x)),
and (2-10)
-(1-s)Q,X_l(X)Ps_2(x)+(A-s)xQ~_l(x)Ps_l(X)+l).
They are verified by checking that the two sides have the same derivatives, and take the same values at z--1 (or as x-+l+). In the limit as x-++oc, (2-I0) becomes [18, p. 795], 
Q~-z(t)Ps-l(t) dt= (A-s)(A+s-1) 1 s(1-s)-A(1-A)'
ReA> i, sEE.
The functions b~
In Lemma 3.1, we find an element b~ELI(G//K) satisfying (1-4), and in Lemma 3.2, we prove the density of the linear span of the set {b~:AEC\E}. 
tae~-l(1-t) R~-l(l+r-2t) -Re~ dt 89
J1 I 1 ---ReA-11 ltR~X-ldt= (ReA-1)ReA"
This proves (1) and (3). Relation (2) follows from (1-1') and (2-11). [] Lemma 3.2. The functions bx, AEC\E, span a dense subspace of Ll(G//K).
Proof. Fix 5>0. By the Paley-Wiener theorem [22] , the functions f whose Fourier transforms extend analytically to Es={sEC:-5< Res_<l+5}, and satisfy
If(s)l=O(ls1-3) as Isl---~+oc within E6, are dense in LI(G//K). Thus, it suffices to
show that each such f is in the closed subspace spanned by the b~, AEC\E. Fix sEE. By Cauchy's formula and the conditions on f, we see that 
f~ ](z)
]
z-s 1-z-s z(1-z)-s(1-s)
we see that
fr ](z) bz(s)(2z-1)dz.
By Lemma 3.1 and the condition on ?, the LI(G//K) valued integral
f~ /(z)(2z-1)bz dz 2~ri ~ (5)
converges, and the identity above shows that it converges to f. 
Then if we think of'rE[i, +oe[ as a coordinatization of G//K (r is related to ~ via r=cosh(2~)), T~,f belongs to LI(G//K), and
(1) IIT~IIIL1 <-2501If IlL1 N()`,OE) -2,
where d()`,OE) is the Euclidian distance of )` from t__hhe boundary OE of E, and (2) T~f(s)=(]()`)-/(s))(s(1-s)-)`(1-)`)) -1, seE\{)`}.
Proof. 
f2[ f+o~ -P)~-I (T) .~+o~ f(x)QA-I(:) dx dT
+J1 ,J2
f(x)(Q~-l(~-)P~-l(x)-P~_l(~-)Qx_l(x))& d~-.
We estimate the first integral using Lemmas 1.1 and 2.3: The third integral is estimated using the fact that IP~_z (x)l _< 1 on [1, +c<) [, and in a second step, Lemmas 2.2 and 2.3:
<_ fl 2 ~2 +~ ,f(x),(,Q),_l(X),+,Q),_l(~),)dxdT
In conclusion, we have (4-2)
We now estimate
fll IT),f('r)l -}d'r < 7
_ ~-~{{I{{L1.
~ +~ {Tz, f (T)[ dT.
1
By (2-7), for AeE~
T:~f(r) may be written as
T),f(T) ----
SO that 
If(x)Q-~(x)ldx
7T
+ .Q-;~ (T) , j!~.+~ , f ( x)Q ),-l (X) ] dx) .
By (2-5), we can assume that in the integrals on the right hand side of (4- 
IQ),-I(T)I f+~,f(x)O-:~(x)ldx< ~-~_~) , j f+~]f(x)](l+x) )'-1 dx.
Integrating with respect to ~-, and changing the order of integration, we get
~+~ ,Q),-l(T), f+~,f(x)Q_),(x),dxdT
Replacing A by l-A, we get
In conclusion, we get, for a general complex )~, A E E~ { 89 }, 
~ll-I-~176 ~lXQA_I(T)Ps_I(7 ") ldT dx
By (2-9), (2-10), and (2-8), we have
which proves (2). []
We now summarize the properties of the resolvent transform that we indicated in Section 1. 
Results from the theory of holomorphic functions
The reader may skip this section, and use it later as reference only. The following result is classical, and commonly referred to as the log log theorem. It has its roots in the work of Carleman, Levinson, Sjhberg, and Beurling. The variant we use here can be found in Beurling's paper [7] . The details of the proof can be found in [20] , and they involve, in addition to the log-log theorem, the Paley-Wiener [24] , [8] and Ahlfors-Heins theorems [2] , as well as the Phragm~n-Lindelbf principle [8] .
The following result is more to the point as regards what we need to prove the completeness theorem. Again, the proof is more or less carried out in [20] ; the essential ingredient is the Ahlfors distortion theorem, which is applied to a bottletype domain around the strip E. For the reader who wishes to look at the details, it should be mentioned that it may be necessary to use instead of M a comparable, but smoother, function M, at the relevant places of the proof in [20] . It is assumed that the points Sl ,... , sn are on the boundary cOP,, and that .. , sn}, as is seen by an argument based on the Beurling-Rudin theorem characterizing the closed ideals in the disk algebra (for details, see [20] , [5] 
whenever fcL~(G/K) is harmonic on D; one says that f is p-harmonic if holds [16] 
is necessarily harmonic. As Furstenberg uses probabilistic methods, the assumption that p is a probability measure is essential to his method. The results of the previous section allow us to give some easy answers to these converse problems.
Since # is radial, d#(g-1)=dp(g), so that equation (7-1) becomes f*#=f.
We need to specify how we compute the Fourier transform of a radial measure p. =s[ n(r)dp(r)+O(s2), ass-*0 +.
J[a ,b]
Again since the probability measure p is not concentrated to the origin, we may 
Remark.
A related result was obtained in the context of the whole complex plane, or more generally, R n, by Choquet and Deny [12] .
The following "two circles" theorem was announced in [1] . The proof there is not complete, and a correct proof was given in [5] under certain additional assumptions. By using Theorem 1.3 we are now able to give a proof of the theorem in its full generality. For this we fix two circles ~/1 and 72 centered at the origin in D, with radii rl and r2, respectively, 0<rl,r2<l. This result should be compared with the two circle characterization of holomorphic functions in [6] . That result does not assume any growth conditions on the function, but has a strong assumption on the possible values of the radii of the
